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Closed-Loop Aeromechanical Stability of Hingeless Rotor
Helicopters with Higher Harmonic Control
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The development of a state-space formulation for a multi-input/multi-output (MIMO) higher-harmonic-control
(HHC) system is described. Results are also presented of a numerical investigation into closed-loop performance
and stability of an HHC system, implemented in the rotating system, based on the simulation of a hingeless rotor
helicopter. The results show that the HHC controller reduces the 4/rev accelerations at the center of gravity. The
percentage reductions obtained in the simulations are in excess of 80-90 %. The vibration attenuation occurs within
5-7 s after the HHC system is turned on. This is equivalent to a frequency of around 1 rad/s, where flight control
systems and human pilots tend to operate. Therefore, interactions and potential adverse effects on the stability and
control characteristics of the helicopter should be explored. The HHC problem is intrinsically time periodic if the
HHC inputs include frequencies other than the frequency one wishes to attenuate. This is true even if the rest of
the model is assumed to be time invariant. In these cases, the closed-loop stability results obtained using constant
coefficient approximations can be incorrect even at lower values of the advance ratio ., where constant coefficient
approximations of the open-loop dynamics are accurate.

Nomenclature
A(t) = open-loop stability matrix
Ag = stability matrix (constant approximation)
B = number of blocks in the harmonic transfer function
B(t) = input (control) matrix
C(z) = output (measurement) matrix
Cr = rotor thrust coefficient
D(t) = direct input/output matrix
J = performance index for the higher-harmonic-control
(HHC) control law
K = Gain of HHC controller
m = number of control inputs
N = number of rotor blades
n = number of measured outputs
ng = system order
p = number of measured outputs
(0] = output weighting matrix in performance index J
R = control effort weighting matrix in performance index J
r = tuning parameter in HHC performance index
T = rotor revolution period
t = time
u = input vector
y = output vector
W = azimuth angle of reference blade, =2t
Q = rotor angular velocity
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Introduction

IGHER harmonic control (HHC) and individual blade control

(IBC) have been considered for many years as a viable ap-
proach for the design and the implementation of active rotor control
laws aiming at the attenuation of helicopter vibrations (e.g., see the
survey papers.!> The main idea of HHC and IBC is to try to atten-
uate N/rev vibratory components in the fuselage accelerations (N
being the number of rotor blades) or in the rotor hub loads by adding
suitably phased N/rev and other components to the rotor controls,
either in the fixed (HHC) or rotating (IBC) frame. A number of
studies have been carried out to determine the feasibility of active
vibration control both from the theoretical and the experimental
point of view; in particular, as far as the analysis of the dynamic be-
havior of the single-input/single-output (SISO) HHC is concerned,
a fundamental result was given in Ref. 3, where a continuous time
analysis of HHC was carried out for the first time, and it was shown
that, to first approximation, the classical 7-matrix HHC algorithm
(Ref. 4) can be written as a linear time-invariant dynamic compen-
sator. More recently, however, it has been proposed to achieve the
attenuation of N/rev vibrations by means of lower frequency inputs,
such as, for example, 2/rev or 3/rev for a four-bladed rotor. To this
purpose, a generalization of the 7 -matrix algorithm has been pro-
posed in the literature (Ref. 5), but no detailed theoretical analysis
of that approach has been carried out so far. As the just-mentioned
generalization of the 7-matrix algorithm turns out to be a linear
time-periodic compensator, we will refer to it as the periodic HHC
(PHHC) algorithm. Therefore, both the HHC and the PHHC algo-
rithms call for the use of periodic systems theory® for closed-loop
stability and performance analysis.

Although the literature on helicopter vibration control using HHC
and IBC is very extensive, there are relatively few studies that ad-
dress the issue of the stability of an HHC/IBC system. In an early,
comprehensive study, Johnson’ studied the open- and closed-loop
stability of several types of deterministic and adaptive controllers,
including online estimation of the 7 matrix. Gupta and Du Val®
and Du Val et al.® studied the coupled rotor-fuselage stability of
a helicopter with HHC. The closed-loop stability analysis, which
was limited to a constant-coefficient helicopter model and to a
hover flight condition, indicated that HHC had beneficial effects
on rigid-body stability, but only if rotor state feedback were in-
cluded. McKillip’s study of IBC using periodic control techniques'°
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included the calculation of Floquet characteristic exponents for the
closed-loop stability evaluation of a flapping blade model. The con-
troller operated in the time domain, that is, its output was not lim-
ited to harmonics of the rotor frequency. The closed-loop poles
were always stable. The stability of a fixed T-matrix HHC algo-
rithm was studied by Hall and Wereley,*'! who concluded that both
the continuous- and the discrete-time HHC algorithms are quite ro-
bust with respect to modeling errors. More recently, Cheng et al.'?
have presented a methodology for the derivation of approximate lin-
earized, time-invariant, state-space models of helicopters and have
examined the interaction between HHC and FCS. A Sikorsky UH-
60 configuration was used in the study. Although the closed-loop
stability not explicitly studied, for example, in the form of stability
eigenvalues, Bode plots of response to harmonic inputs provided
information on gain and phase margins and disturbance rejection
characteristics. Finally, Patt et al.'* have recently presented a de-
tailed convergence and robustness theoretical analysis of two HHC
schemes and have provided stability bounds essentially related to
the accuracy of the 7 matrix.

This brief literature survey shows that very limited attention has
been devoted to one key aspect of the problem, namely, the closed-
loop stability of a helicopter with HHC/IBC, as opposed to just
the stability of the HHC algorithm itself. With the partial exception
of Refs. 8 and 9, rotor and fuselage dynamics have always been
taken into account only approximately, through the 7 matrix, and
therefore through a quasi-static representation of the relationship
between the harmonics of the input and those of the output. As
a consequence, some important practical questions on closed-loop
aeroelastic stability are currently unanswered. For example, there
is no published information on whether an HHC/IBC system can
destabilize the regressive lag mode of a hingeless or bearingless
rotor helicopter. Furthermore, the role of periodicity in determining
the actual closed-loop dynamics still has to be fully assessed.

In the light of the preceding remarks, the objectives of this paper
are the following: 1) to provide a simple state-space derivation for
the continuous time form of the SISO HHC compensator (input
and output at the same rotor harmonic), first introduced in Ref. 3;
2) to demonstrate how the same approach can be used to work
out a state-space representation for the SISO PHHC compensator
(input and output at different rotor harmonics), which is suitable for
closed-loop stability and robustness analysis; 3) to generalize the
preceding results to get to a general approach for the derivation of
the state-space form for a multi-input/multi-output (MIMO) HHC
controller (any combinations of harmonics for inputs and outputs);
and 4) to present the results of a numerical investigation into the
closed-loop stability properties of higher harmonic control, based
on a simulation study of the coupled rotor-fuselage dynamics of a
four-bladed hingeless rotor helicopter. (Note that some preliminary
results have been presented in Ref. 14).

The main significance of the present work is that it addresses
the question of whether the presence of a closed-loop HHC will
affect the aeroelastic stability of a coupled rotor-fuselage system.
Although some partial answers could obviously be extracted from
the analysis of transient time histories, no suitable methodology to
answer this question directly is available in the published literature.

Helicopter Simulation Model

The baseline simulation model used in this study is a non-real-
time, blade-element type, coupled rotor-fuselage simulation model
(see Ref. 15 for details). The fuselage is assumed to be rigid and
dynamically coupled with the rotor. A total of nine states describe
fuselage motion through the nonlinear Euler equations. Fuselage
and blade aerodynamics are described through tables of aerody-
namic coefficients, and no small angle assumption is required. A
coupled flap-lag-torsion elastic rotor model is used. Blades are mod-
eled as Bernoulli—Euler beams. The rotor is discretized using finite
elements, with a modal coordinate transformation to reduce the num-
ber of degrees of freedom. The elastic deflections are not required
to be small. Blade-element theory is used to obtain the aerodynamic
characteristics on each blade section. Quasi-steady aerodynamics is
used, with a three-state dynamic inflow model. Linearized models

are extracted numerically, by perturbing rotor, fuselage, and inflow
states about a trimmed equilibrium position. Because the equations
of the coupled rotor/fuselage dynamics are written in the fixed frame
of reference, the linearized models turn out to be time-periodic with
period T /N, where N is the number of blades and T is the period
of one rotor revolution. Note that in the following the azimuth angle
Y = Qt will be used as an independent variable.

The matrices of the linearized model are generated as Fourier
series. For example, the state matrix A () is given as

K
AW) = Ao+ ) _[AecoskN V) + A sinkNv)] (1)
k=1

where the matrices Ay, Ax., and Ay, are constant, and only Ay is
retained for constant coefficient approximations.

Similarly, the control matrix B() is obtained assuming for the
pitch control of each blade the form

X 27T . 2]'[ .
0;: () =6 + Z |:9kc cos <1// + WZ> + B sin (1// + Wl):|
k=1

i=0,...,N—1 (2)

where i is the blade number and K is the total number of input
harmonics. The rotor input vector # used in the present study is

u= [90 91(' ‘913' 93(: 93x 940 943 95(‘ 95S]T (3)

therefore, for the four-bladed rotor considered in this study, the
higher harmonic input is composed of the N — 1/rev, N/rev, and
N + 1/rev harmonics. For simplicity, the tail rotor collective input 8y,
is omitted from all of the equations of this paper, but it is obviously
included in the actual mathematical model.

As Eq. (2) shows, the higher harmonic control is applied in the
rotating system. Therefore, although the control is identical for all
blades at the same azimuth angle, this arrangement is what is often
defined as IBC. However, it should be pointed out that although
HHC and IBC represent significantly different technologies from the
implementation point of view (e.g., choice of actuators and sensors),
they are completely equivalent from the control theoretic point of
View.

Finally, the trim procedure is the same as in Ref. 16. The rotor
equations of motion are transformed into a system of nonlinear al-
gebraic equations using a Galerkin method. The algebraic equations
enforcing force and moment equilibrium, the Euler kinematic equa-
tions, the inflow equations, and the rotor equations are combined
in a single coupled system. The solution yields the harmonics of a
Fourier expansion of the rotor degrees of freedom, the pitch control
settings, trim attitudes and rates of the entire helicopter, and main
and tail rotor inflow. During the trim calculations the HHC system
is turned off.

State-Space Formulation of Higher
Harmonic Controllers

This section presents the derivation of the state-space formula-
tion of a MIMO HHC controller in which inputs and outputs can
be at arbitrary multiples of the fundamental rotor frequency. This
is done by building state-space formulations of HHC controllers
of increasing complexity. After some background on the 7-matrix
algorithm, a continuous-time, state-space analysis is presented for
the case of a SISO HHC system in which input and output are at the
same harmonic (in this case, N/rev). Next, the analysis is extended
to the case in which input and output are at different harmonics.
Finally, the case of the MIMO HHC system with inputs and outputs
at arbitrary harmonics is considered, by combining the results of the
two previous cases. More precisely, the following three cases, cor-
responding to three different selections for the control input vector
u, will be considered: 1) control input given by a single harmonic
at the blade passing frequency N/rev:

u=uy= [eNc GNS]T
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2) control input given by a single harmonic at a frequency M/rev
different from N/rev:

u=uy =[Oy GMS]T

3) control input given by the superposition of a number of different
harmonics, such as, for example,

u=1[0w-nbn-1s OnOns Owtnbwtsl” 4

For the purpose of the present study, only fixed parameters HHC
will be considered, that is, the 7 matrix will be fixed and not adap-
tive. Also, the stability analysis will be carried out in continuous
time: the role of digital implementation on the stability and perfor-
mance of the HHC loops will be investigated in future work.!”

Basic T-Matrix Algorithm

A typical nonadaptive HHC system is based on a discrete-time
mathematical model describing the response of the helicopter to
higher harmonic inputs, of the general form

yn (k) = Ty yuy (k) + yon (k) ()

where k is the rotor revolution index, yy is a vector of N/rev har-
monics of measured outputs (e.g., hub loads or accelerations at some
point of the fuselage), uy is a vector of control inputs, and Ty y is
a2 x 2 constant matrix. The vector yy (k) is defined as

BN

(k+Dm
/ y() cos(Ny) dyr
km

- 1 (k+ 1D (6)
p / y() sin(Ny) dyr
k

4

ch(k)
k =
i [ym(k)}

The vector yoy contains the N/rev harmonics of the baseline vi-
brations, that is, the vibrations in the absence of HHC. In practical
applications, yy is typically the output of a digital or analog har-
monic analyzer. The control input vector is similarly defined as

GN(:
uy = 7
o= lo] 0
where 6y, and Oy; are, respectively, the cosine and sine components
of the N/rev pitch control input, applied in the rotating system.
The HHC inputs are generally updated at discrete-time intervals,
for example, once per rotor revolution. The conventional HHC con-

trol law is derived by minimizing at each discrete time step k the
cost function

J(k) =yn (k)" Qyn (k) + Auy (k)" RAuy (k) ®)

where Q = QT >0, R > 0, and Auy (k) is the increment of the con-
trol variable at time k, that is,

Auy (k) = uyk) —uyk —1) ®

Differentiating Eq. (8) with respect to Auy (k) yields the control
law

uy(k +1) =uyk) — Ky nyn (k) (10)

where Ky y = (Ty yOTy.n+ R)"'Ty y Q. Equation (10) is well
known in the literature as the 7 -matrix algorithm. It can be seen from
Eqgs. (5) and (10) that this control algorithm introduces a discrete-
time integral action, which ensures that yy — 0 as k — co. Actually,
with Q =1, and R =0 deadbeat control (i.e., the output goes to
zero after one discrete time step) could in principle be achieved if
exact knowledge of the Ty y matrix were available, and if the static
model, Eq. (5), were an accurate representation of rotor dynamics.
However, these two assumptions are generally not satisfied, as Ty y
can only be estimated and Eq. (5) clearly does not hold if the he-
licopter is not operating in steady state. Note, also, that if in the

cos(Ny)
I/S IN UNe
A —ET_IN N
Y T Up
/s Ny ‘Ns
sin(Ny)

Fig. 1 Block diagram of the continuous-time SISO HHC algorithm.

cost function, Eq. (8), one chooses R =0 and Q proportional to the
identity matrix, then the control law, Eq. (10), reduces to

uy(k +1) =uy (k) — Ty \yyn (k) an

which can be given a minimum variance interpretation, in the sense
that this control law guarantees at each time step the closed-loop
minimization of the cost function

J (k) =yn (k) yn (k) (12)

Neglecting the effects of the sample and hold scheme of the dig-
ital implementation in the 7 -matrix algorithm, the overall control
algorithm can be represented by the block diagram given in Figure 1.

SISO HHC with Input and Output at the Same Frequency

Following Ref. 3, choose yn. and yn as state variables for the
controller in Fig. 1. Then, the following state-space model for the
HHC compensator is obtained:

YN =AYy + B(Y)y (13)
u=Cuyy (14)
where
A, = 00 15
=1o o (15)
. cos(Ny)
B.(Y) = Knyn I:sin(Nlp)i| (16)
C.= 2 I
e = Tl

SISO HHC with Input and Output at Different Frequencies

The HHC input in the rotating system is usually not limited to the
same N/rev frequency of the vibrations to be attenuated. Typically,
inputs at N — 1/rev and N + 1/rev are also applied. (Recall that
N/rev inputs of collective, longitudinal, and lateral cyclic pitch in
the fixed system result in N — 1, N, and N + 1/rev pitch inputs in
the rotating system.)

In this case, the steady-state model relating the N/rev harmonic
of the output y(¢) to the M/rev harmonic of the pitch input u(¢),
with M # N, can be written in the form

Yn (k) = Ty, mun (k) + yon (k) a7

where u ), is defined as in Eq. (7), but for an M/rev harmonic, and
where the (constant) matrix 7y j relates the amplitude of the M/rev
control input u to the corresponding steady-state amplitude of the
N/rev component of the output y. The control scheme for the at-
tenuation of N/rev vibrations using an M/rev input can then be
derived along the lines of the preceding case and is represented by
the equation

wuy(k+1) =uy k) — Ky pyn k) (18)

where Ky y = (Ty ,, OTy.m + R)"'Ty ,, Q. As shown in the fol-
lowing section, the matrix Ty y can be related to the harmonic
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transfer function (HTF) of the controlled system, which is an ex-
tension to periodic systems of the frequency response function of a
time-invariant system.'®!? In addition, as in the case of HHC with
input and output at the same frequency N/rev, the discrete control
law, Eq. (18), guarantees that yy — 0 as k — oo, provided that the
system can be modeled as in Eq. (17).

Similarly to the M = N case, the state-space model for the case
N # M is given by

yn =Ayn + B.()y (19)
u=Cuyy (20)
where

A, = 00 21
<=1o o 21

. cos(Nyr)
B.(Y) = Kn.m |:sin(N1//):| (22)
C.= 2 I 23
c — _T 2,2 ( )

This discussion shows that a coupled rotor-fuselage system with
even a simple SISO HHC controller is intrinsically a system with
periodic coefficients if the HHC output and the vibration to be at-
tenuated are at two different multiples of the rotor frequency. This
happens even if the rotor-fuselage system is modeled as a sys-
tem with constant coefficients. Therefore, rigorous stability, per-
formance, and robustness analyses of an HHC system can only be
carried out using the tools of periodic systems theory.

MIMO with Input and Output at Arbitrary Harmonics

In typical implementations of HHC, multiharmonic signals are
frequently used to attenuate several components of the vibratory
loads. For example, inputs at N — 1/, N/, and N + 1/rev, sine and
cosine (for atotal of six inputs), could be used simultaneously to con-
trol six components of the N/rev vibratory hub forces and moments.
Therefore, this section extends the preceding SISO discussion to a
MIMO HHC system. We will consider a general configuration in
which output measurements of N/rev vibration are available at n
different locations, while a number m of harmonics at frequencies
N;,i=1,...,m are applied on the control input u. In this case, the
measurement vector has 2n elements and is defined as

yv=[e o e e k] @b

where yI"\IC and yI"\IS, i=1,...,nare,respectively, the cosine and sine
components of the ith N/rev output, which can be, for example, a
force or moment component, or a component of a linear or angular
acceleration at one or more points of the fuselage.

The HHC input vector u# has 2m elements and is defined as

T
u = [MN]L‘ UNys " UNye UNys - UN,c uNms] (25)

where uy,c,i=1,...,mand uy,,i =1, ..., m are the cosine and
sine component of the HHC input, at desired harmonics not neces-
sarily equal to N/rev.

Assume now, as in the SISO case, that input and output harmonics
are related by the linear equation

v (k) = Tu(k) + yoy (k) (26)

where T is a 2n x 2m constant coefficient matrix, which is again
related to the HTF of the time-periodic linearized model of the
helicopter. Then, the T-matrix algorithm is given by

utk+1) =uk) — Kyy (k) (27)

where K=(TTQT +R)"'TTQ, where Q=07>0 and R=
RT > 0 are cost-weighting matrices of suitable dimensions.

In the MIMO case, the operation of the HHC control law differs
considerably depending on the relationship between the number of
control inputs and measured variables that are available. To illustrate
this difference, the formulation of the 7-matrix algorithm in the
MIMO case with Q =1, , and R =0 will be presented separately
for the cases of n =m and of n > m. (The case n < m, that is, with
more controls than vibration outputs to be attenuated, is not likely
to be important in practice.)

In the case of a “square” control problem, that is, when n =m,
the SISO algorithm can be readily extended to

u(k +1) = u(k) — T~ 'yy (k) (28)

On the other hand, if n > m the matrix T is no longer square, and
the discrete-time control algorithm must be written as

utk +1) =uk) — T'yy (k) (29)

where T7=(TTT)™'T7 is the pseudoinverse of 7. In particular,
the minimum of the cost function equals zero only in the n =m
case, that is, unless one considers (at least) the square case, it is not
possible to guarantee that the vibratory disturbance will be zeroed
on all output channels.

The equivalent continuous-time formulation for the MIMO HHC
compensator, described in discrete form by Eq. (27), can be ob-
tained by applying the already described SISO results. Therefore,
considering first the case of a control system with as many inputs as
outputs, the state-space formulation is given by the order 2n system:

yN = AcyN + BC(W)y (30)

u=Ceyn (3D

where A. is the 2n x 2n matrix

0 0 0

00 --- 0
A.=1|. . . (32)

0 0 0

B.(y) is the 2n x n matrix
COS(NIP)I)I.H
B. =K
<) [sin(szn,n} &)
C.= 2 I (34)
c = T 2n x 2n

For example, consider the case of a control system relying on the
application of N — 1/,N/, and N + 1/rev inputs in the rotating frame
to attenuate one component of the accelerations in n =3 different
locations in the fuselage, so that m =3, Ny=N —1, N,=N, and
N3;=N 4+ 1 and

MT =[9(N—1)69(N—1)x ONeOns 6(N+1)c9(N+l)s] (35)
Y=l vy wl (36)

Then, the state-space model for the controller is given by

Ac =06 x5 (37)
cos(Nr) 0 0
0 cos(Nr) 0
B 0 0 cos(Nr)
B.(y)=K Sin(N ) 0 0 (38)
0 sin(Nr) 0
0 0 sin(Nyr)
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As in the SISO case, because the control inputs are directly given
by the higher harmonics of 6, there is no need for a “modulation”
term in matrix C., which therefore turns out to be constant:

Ce=—2/T)Isxs (39

Similar expressions can be worked out in the case of a control system
with more outputs than inputs.

Definition of the T Matrix in Terms
of the Helicopter Models

The control laws discussed in the preceding section call for the
availability of input/output models for the helicopter response to
higher-harmonic-control inputs. This section provides some back-
ground on the frequency response of time-periodic systems and uses
such analytical tools to derive explicit expressions for the 7 matrix.

Development of the Harmonic Transfer Function
This section summarizes the main aspects of the development of
the HTE."® Consider a continuous-time linear periodic system:

x(t) = A@x(@) + BOu@),  y@) = COx@) + D@O)u(r)
(40)

Each matrix can be expanded in a complex Fourier series

Ay =) Agelm™ (1)

m=-—00

and similarly for B(z), C(t), and D(t). The system can be analyzed
in the frequency domain as follows. Introduce the class of exponen-
tially modulated periodic (EMP) signals.!® The (complex) signal
u(t) is said to be EMP of period 7 and modulation s if

o0 oo

u(t) = Z upe™ = et Z L (42)

k=—o00 k=-—00

where t > 0, s, =5 + jk<2, and s is a complex scalar.

The class of EMP signals is a generalization of the class of T'-
periodic signals, that is, of signals with period T': in fact, an EMP
signal with s = 0 is just an ordinary time-periodic signal.

In much the same way as a time-invariant system subject to a
(complex) exponential input has an exponential steady-state re-
sponse, a periodic system subject to an EMP input has an EMP
steady-state response. In such a response, all signals of interest (x,
X, y) can be expanded as EMP signals. By deriving Fourier expan-
sions for A(t), B(t), C(t), and D(z), it is possible to prove that the
EMP steady-state response of the system can be expressed as the
infinite dimensional matrix equation with constant elements'®

sX=A-N)X+ BU, Yy=CX+DU (43)

where X, U, and Y are doubly infinite vectors formed with the
harmonics of x, u, and y respectively, organized in the following
fashion:

XT=[~-- xoxT oxl Xt X ] (44)

and similarly fortd and Y. A, BB, C, and D are doubly infinite Toeplitz
matrices formed with the harmonics of A(-), B(:), C(-), and D(-),
respectively, as follows:

AO A,l A,z A,3 A,4
A=1... A, A Ay A, A, .- 45)

A A, A Ay AL
A Ay Ay A A

(and similarly for 53, C, and D), where the submatrices A, in Eq. (45)
are the coefficients of the Fourier expansion of matrix A(z), given
in Eq. (41). To relate these coefficients to those of the Fourier-series
expansion in trigonometric form, Eq. (1), recall that the Fourier-
series expansion of a scalar function can be rewritten in complex
exponential form, that is,

o0
a(t) = ap + E (e COS nwt + ays sinnwt) = E age’*

k=1 k=—o00

with ap = (axe — jaxs)/2 and a_p = (axc + jaxs) /2, k=1,2,....
Therefore, the coefficients of Egs. (41) and (1) are related by

Ap = (A — jAx)

A= 1Ak + jAw) k=1,2,... (46)

with Ag identical in both Egs. (41) and (1). Similar relations hold
for the harmonics of B, C, and D.
Matrix N is a block-diagonal complex-valued matrix given by

—2I 0 0 0 0
0 -1 00 0
N = blkdiag {jnQI} = jQ 0 0 00 0
0 0 01 0
0 0 0 0 2f

C)

where [ is the identity matrix of size equal to the number of states.
From Eq. (43), one can define the HTF G(s) as the operator:

Gs) Y ClsT—(A-N)'B+D (48)

which relates the input harmonics and the output harmonics (con-
tained in the infinite vectors U and Y, respectively). Equation (48)
is the extension to the case of periodic systems of the corresponding
constant coefficient expression for the transfer function

G(s)=C[s] —AI"'B+ D (49)

In particular, if s =0, which, in the helicopter case, corresponds to
the steady-state response of the system to a periodic input of basic
frequency N/rev, the appropriate input/output operator for periodic
systems becomes

GO)=CIN —A"'B+D (50

Definition of the T Matrix

The Ty v, Tn.m, and T matrices used in the formulation of the
HHC and PHHC algorithms can be related to the elements of the
HTF of the linearized helicopter model, as follows.

First of all, note that according to the definition of the control
input vector u, which has been adopted, the rotor will be subject to
a proper, steady-state higher-harmonic-control input whenever the
control vector u is constant. This implies that to define the 7" matrix
for the helicopter we only have to study the response of the periodic
helicopter models to an EMP input with s = 0, that is, we only have
to compute the input/output operator G(0). For example, consider
the linear time-periodic system, Eq. (40), and the constant input
u(t) =uy. The vector U corresponding to u(t) = u, is given by

U=[ 00u 00 -] (51)

and the steady-state response Y of the periodic system is given by

y=60U (52)
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which can be equivalently written as

YN
Y-N

YN
Yan

G—ZN,—ZN G72N.7N G72N,O G72N,N G—ZN,ZN
G—N,72N GfN,—N G—N.O G—N.N GfN,ZN
GO,72N GO.—N GO.O GO.N GO,2N

GN,*ZN GN.*N GN,O GN,N GN.ZN
G2N,72N GZN,*N GZN,O GZN,N GZN.ZN
0
0
x| uy (53)
0
0

From Eq. (53) we have that

Y-N G_no
= uo (54)
[yw] [Gwo}
and converting the N/rev harmonics of the output from exponential
to trigonometric form we have that

YNe _5 Real [Gy ] " (55)
INs Imag [Gy o]

(note that G_y ¢ and G y  are complex conjugate) so that the 7’ ma-
trix is given by

Real [GN 0]
T=2 ' 56
|:Imag [GN.O]1| 0)

Construction of the T Matrix

From a practical point of view, the preceding theoretical analysis
of the frequency response of periodic system and the corresponding
definitions for the 7" matrix relating selected input-output frequen-
cies only rely on the use of infinite dimensional matrices. When
it comes to the numerical construction of the 7" matrix, however,
one has to resort to finite dimensional approximations of the sys-
tem matrices A, B, C, and D. Consider, for example, the problem
of constructing the 7 matrix, as defined in Eq. (56) for a periodic
system of the form of Eq. (40) with n outputs, m inputs, and n;
states. First of all, one chooses the dimension of the expansions A,
B, C, and D for the state-space matrices A, B, C, and D, in terms of
the number of block rows one wants to take into account in .A. For
example, if we choose to include a number n 3 = 5 of blocks in each
row of the expansion of the system matrices, then .A has dimension

nsnpg X ngng and is given by

Ay Ay A, A3 Ay
A Ay A A, A
A=A A Ay A, A, 57
Ay Ay AL Ay A
Ay A3 Ay A A

and similarly for 53, C, and D. Therefore, the HTF is given by the
2nnp X mng matrix, as follows:

Y-2n

Y-N

Yo | =60)U

YN

Yan

Goon-av Goon-nv Goanvo Goowny Gonvaw 0
Gy-ov Gn-n Gpyo Gynv Goyon 0

= GO,—2N GO,—N GO,O GO,N GO,ZN Ug

Gy, on Gy, w Gy Gy.n Gnan 0
Gov—on Gav—n  Ganvo  Gavn  Gowow 0
(58)

The blocks G _y o, G o can be extracted from G (0) as the submatri-
cesG;j(0),i=2n+1,...,3nand j=2m+1,...,3m, and G;;(0),
i=4n+1,...,5nand j=2m+1, ..., 3m, respectively. Clearly,
the choice of the number of block rows np will affect the accuracy
of the numerical construction (see Ref. 20 for an analysis of the
effect of truncation in the study of frequency response operators),
so as a general rule n g should be chosen sufficiently large to ensure
that the 7 matrix constructed from the truncated HTF gives a good
approximation to the actual 7" matrix.

Formulation of the Coupled Helicopter/HHC Model

The compensator will be designed along the lines of Ref. 18.
Denote with A(y), B(¥), C(¥), and D(y) the matrices for the
linear time periodic (LTP) state-space model of the helicopter, for
the selected input/output pair. Similarly, denote with A.(¥), B.(¥),
C.(¢¥) the compensator’s state-space model. Then the closed-loop
LTP state matrix A,(v) is given by

A®) B(y)Cc(¥) (59)
B.(y)CW) Ac(¥)+ B.(Y)DW)Ce(¥)
The closed-loop stability of the helicopter with HHC is then given

by the characteristic exponents of A,(y) and will be studied as a
function of the design parameters Q and R.

A(Y) = |:

Results

This section presents closed-loop stability and response results
for a coupled helicopter-HHC system. The stability results are ob-
tained from the linearized model of Eq. (59) or its constant coeffi-
cient approximation. The closed-loop response results are obtained
from the full nonlinear simulation of the coupled helicopter-HHC
system. The primary meaning of the words closed loop is that the
HHC vibration control loops are closed. Although a small amount
of feedback was added to the model to stabilize the flight dynamic
modes, the flight control system model is not realistic enough to
enable reliable studies of HHC-flight control system interaction.

The helicopter configuration used for the present study is similar
to the Eurocopter BO-105, with a thrust coefficient Cr /o =0.071.
Three blade modes are used in the modal coordinate transformation,
namely, the fundamental flap, lag, and torsion modes, with natural
frequencies of 1.12/rev, 0.7/rev, and 3.4/rev, respectively. Because
the aerodynamic model consists of a simple linear inflow with quasi-
steady aerodynamics, and because fuselage flexibility has been ne-
glected, vibratory loads and c.g. accelerations, and consequently
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also HHC inputs, tend to be underestimated. Therefore, their ab-
solute values can be considered representative only in a qualitative
sense. However, the overall simulation model is likely reasonable
for stability studies and for a general assessment of the design and
closed-loop analysis methodology.

For all of the vibratory response results, the helicopter is first
trimmed in steady, straight flight at the desired velocity with the
HHC system turned off. Then, the nonlinear simulation begins with
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Fig. 2 Peak-to-peak 4/rev vertical accelerations at the helicopter cen-
ter of mass for V=80 kn (1 =0.188).
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Fig. 3 Peak-to-peak 4/rev a) roll and b) pitch accelerations at the he-
licopter center of mass for V=80 kn (x =0.188).

the pilot controls held fixed at their trim values and the HHC system
turned on at time ¢t =0. The Q and R matrices in Eq. (8) have
been defined as Q = Is¢ and R =rIs ¢, respectively, where Iq ¢ is
an identity matrix with six rows and columns, and r is a parameter
that varies from r =0 (no restriction on control effort) to r = 1000.

Results for V=80 kn

Figure 2 shows the peak-to-peak magnitude of the 4/rev compo-
nent of the vertical (i.e., along the z-body axis) acceleration at the
c.g., for a speed V =80 kn, corresponding to ; =0.19. The figure
shows four curves, one each for values of r =0, 10, 100, and 1000,
corresponding to increasing restrictions on the control effort. The
high-frequency oscillations visible in the curves of this, and of many
subsequent figures, are largely an artifact of the numerical procedure
used to extract the 4/rev magnitude and phase from the time histo-
ries of the accelerations. Clearly, the HHC system is very effective
and reduces the 4/rev vertical acceleration to a small fraction of its
trim value in just a few seconds. The vibration attenuation is also
very clear for the c.g. roll acceleration p and pitch acceleration g:
the magnitudes of the 4/rev components are shown in Fig. 3. Both
p and g are reduced to 5% or less of their trim values in no more
than 6-7 s.

Figure 4 shows the magnitude of the 3/, 4/, and 5/rev components
of the HHC input for the cases r =0 and 1000. Figure 5 shows the
corresponding phase angles. Comparing the two sets of results, it
can be seen that the controls reach their steady-state values much
more quickly for the case » = 0 than for » = 1000. In the latter case,
the steady-state values of 63 and 65 have not yet been reached at the
end of 7 s of simulation.

0,
0.05
LT 0
0.04 e .
= mﬁwyw
& o003 Mmﬂ,
- i
E o
S 002
g o F
e A R -
0.01 —
0
0 1 2 3 4 5 6 7 8
a) Time, (sec)
0,
0.07
0.06 0
-
0.05 -
5 o
S 004 ‘ B
A
S 003
2 ,
. | o ,.e
0.02 — == 4
71 -
7
0.01 ~
V%
z
0
0 1 2 3 4 5 6 7 8
b) Time, (sec)

Fig. 4 HHC input amplitude in degrees for V =80 kn (1 = 0.189) for
a) r=0and b) r=1000.
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The action of the HHC system, and the consequent vibration
reduction, occurs within times of the order of 5-7 s or, equivalently,
of about 1 rad/s. These are also typical timescales for flight control
systems and also overlap typical piloting frequencies. Therefore, the
results shown earlier indicate the possibility of interaction with the
stability and control characteristics of the helicopter.

It is also interesting to consider the closed-loop eigenvalues of
the system. The computation of the closed-loop state matrix A,
Eq. (59), was carried out by linearizing the augmented nonlinear set
of equations. Figure 6 shows a root-locus plot of just the controller
eigenvalues for increasing values of r, using a constant coefficient
approximation to A.. The system displays a mildly unstable com-
plex conjugate pair at 80 kn, but there is no trace of the instability
in the closed-loop simulations using the full nonlinear system, al-
ready shown. The instability is probably caused by the errors made
in modeling the periodic system with a constant coefficient approx-
imation. In fact, when the periodicity is fully taken into account, the
instability disappears. This can be seen in Fig. 7, which shows the
real parts of both the stability eigenvalues of the linear time invariant
(LTT) system and the Floquet characteristic exponents of the LTP
system, for the least damped modes. None of the characteristic ex-
ponents, which include controller, rotor, and rigid-body modes, be-
comes unstable for any of the values of » considered. This confirms
that, whenever the HHC input includes harmonics that are different
from the harmonic that one is trying to attenuate, the closed-loop
problem is intrinsically time periodic. Constant coefficient approx-
imations might not yield correct closed-loop stability results, as in
this case, even at lower advance ratios, where constant coefficient
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Fig. 6 Root locus of controller eigenvalues of LTI closed-loop system
for V=80 kn.
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Fig. 7 Real parts of a) eigenvalues and b) characteristic exponents of
the least damped modes, V =80 kn.
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approximations give acceptable results for the open-loop system.
Apart from the heading eigenvalue at the origin, the modes with the
lowest amount of damping are those of the controller.

Finally, the position of the eigenvalues appears to be linked to the
vibration reduction performance. In general, for the highest control
effort (tuning parameter r =0) controller eigenvalues tend to be
farther away from the origin, and as r increases they come closer
to it.
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Fig. 8 Peak-to-peak 4/rev vertical accelerations at the helicopter cen-
ter of mass for V=140 kn (. =0.330).
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Fig. 9 Peak-to-peak 4/rev a) roll and b) pitch accelerations at the he-
licopter center of mass for V =140 kn (1. =0.330).

Results for V =140 and 170 kn

Figures 8 and 9 show the 4/rev c.g. acceleration components at a
speed of V =140 kn, corresponding to an advance ratio u = 0.33.
The magnitude of the vertical acceleration is shown in Fig. 8. The
HHC is extremely effective and reduces the magnitude of the 4/rev
accelerations to almost zero within about 7 s. Near-perfect attenua-
tion of the roll acceleration p can be seen in Fig. 9. The figure also
shows that the pitch acceleration g is also very well attenuated by
the HHC system.

The magnitudes of the corresponding values of the 3/, 4/, and
S/rev inputs are shown in Fig. 10 for the cases r =0 and 1000.
The steady-state values of each control are reached in about 7 s;
therefore, the timescale of action of the controller is approximately
the same as in the 80-kn case. Differently from the 80-kn case, the
control time histories for » = 0 and 1000 are very similar. A possible
reason for this is that the numerical “size” of the 7' matrix increases
significantly as a function of airspeed: this makes the controller gain
less and less sensitive to changes in 7.

The LTI, closed-loop eigenvalues for V =140 kn are shown in
Fig. 11. At this speed, all of the eigenvalues are stable, with the par-
tial exception of a complex controller eigenvalue, which is unstable
but extremely close to the origin. The real parts of both the stability
eigenvalues of the LTI system and the Floquet characteristic expo-
nents of the LTP system, for the least damped modes, are shown
in Fig. 12. All of the characteristic exponents are stable. As in the
V =80 kn case, the modes with the lowest amount of damping are
those of the controller.

Finally, Fig. 13 shows one result for the case V =170 kn, cor-
responding to p = 0.4. Note that the simulation cannot determine
a trim state at this speed. Therefore, the drag of the fuselage was
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arbitrarily reduced until a trimmed state could be achieved. Figure 13
shows baseline and HHC-on magnitudes of the 4/rev component of
the vertical acceleration. Again, the HHC is very effective at attenu-
ating vibrations, and the attenuation occurs on the same timescales
as for the speeds already shown. Additional results were obtained for
this speed, but are not presented here for reasons of space. However,
the overall trends are the same as seen for the V =80 and 140 kn
cases, except that the closed-loop LTI system is stable.
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Fig. 13 Peak-to-peak 4/rev vertical accelerations at the helicopter cen-
ter of mass for V=170 kn (1« = 0.4); reduced fuselage drag.

Conclusions

The paper presented the development of a state-space formulation
for a multi-input/multi-output (MIMO) higher-harmonic-control
(HHC) system. The development started with a simple state-space
derivation for the continuous-time form of a single-input/single-
output HHC compensator with input and output at the same ro-
tor harmonic; then the same approach was extended to the case of
different harmonics in input and output, which resulted in a peri-
odic single-input/single-output HHC compensator; finally, that re-
sult was generalized for the derivation of the state-space form for
a MIMO HHC controller. The paper also presented results of a nu-
merical investigation into the performance and stability properties
of a closed-loop HHC system, implemented in the rotating system,
based on a simulation study of the coupled rotor-fuselage dynamics
of a four-bladed hingeless rotor helicopter.

The results of the simulation study indicate the following:

1) The HHC controller is very effective in reducing the desired
components of the 4/rev accelerations at the center of gravity. The
percentage reductions indicated by the simulations are in excess of
80-90%. However, because the simplifications in the model lead to
underestimating these vibratory components the absolute values of
the reduction and of the control inputs might not be fully reliable.

2) The vibration attenuation occurs within 5-7 s after the HHC
system is turned on. This is equivalent to a frequency of around
1 rad/s, which is within the frequency band in which flight control
systems and human pilots tend to operate. Therefore, the interactions
and potential adverse effects on the stability and control character-
istics of the helicopter should be explored.

3) The HHC problem is intrinsically time periodic if the HHC
inputs include frequencies other than the frequency one wishes to
attenuate. This is true even if the rest of the model is assumed to
be time invariant. In these cases, the closed-loop stability results
obtained using a constant coefficient approximations might be in-
correct even at lower values of the advance ratio x, where constant
coefficient approximation of the open-loop dynamics is accurate.
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